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Rizvi, Farheen (M.S. Aerospace Engineering Sciences

Solar Sail Attitude Dynamics and Coning Control: Daveloping Control Methods for Solar
Sail Coning at Orbit Rate to Attain Desired Orbitaifects

Thesis Directed by Professor Dale A. Lawrence

In this thesis, a control method is developedtiersolar sail normal vector to trace a
desired circular coning trajectory at orbit rateeTconing trajectory is defined in the local
vertical local horizontal (LVLH) frame and the cagioccurs about an LVLH equilibrium sail
attitude. Past research has shown that sail agtigdilibria exist in the LVLH frame under the
influence of aerodynamic, gravity gradient and stdaques. Precession of the sail normal from
these equilibria causes sail normal coning abattequilibrium attitude. If the coning happens
at orbit rate, wide variety of orbital effects daminduced with minimum excitation of the
sailcraft structure. This results in an inexpensipacecraft with a longer duration mission as
compared to other conventional efforts. A specalecof analyzing circular cones (at orbit rate
coning) revealed that new Sun-synchronous orbite weeated and launch injection errors were
overcome by employing the sail coning method. Tdr&rol method herein minimizes the
angular momentum error between the sail and deammgdlar momentum vectors at orbit rate.
Since angular momentum is a function of sail norrmagular momentum error reduction raises
hope in reducing the sail normal error betweerstiienormal and desired sail normal vector as
well. The results show that even though the comtrethod enables the sail angular momentum
to track the desired angular momentum on the comajgctory, the sail normal tracing can only
occur about certain LVLH equilibrium points, for alihcones and small initial condition angular
position/velocity errors. The control method isuebfor tracking the desired angular momentum
at orbit rate, but not always for tracking the desisail normal. The case where the sail normal

does track the desired at orbit rate correspontta¢mg a 1° circular cone about an orbit
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lowering LVLH equilibrium point. Even though thertool torques are on the order of lRm
(acceptable on small sailcraft) for both a spinrang non-spinning sail, a spinning sail (spun at
a specific rate) requires less control torquerfdes lower than a non-spinning sail) to yield the
desired orbit rate circular coning. The controbtges can be applied to the sailcraft to enable

orbit rate cone tracing of the sail normal andd/igle desired orbital effects.
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B - frame
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C - frame
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Xii
NOMENCLATURE

inertial frame

unit vectors forming right-handed coordingystem for the A-frame
X(points along the vernal equin@gormal to the Equatorial planglies
in the Equabplane)

a principal frame (due to axi-symmetric mps¥perties), describes sail
tip and uklocities relative to the L-frame

unit vectors forming right-handed coordinsystem for the B-frame,
frame moveagwgail normal tip and tilt but not with rotati@bout its

normadl points along the sail normélandr lie in the plane of the sail)
sail body-fixed frame

unit vectors forming right-handed coordingystem for the C-frame
A(points along the sail normal,andq lie in the plane of the sail)

local vertical local horizontal frame

unit vectors forming right-handed coordinsystem for the L-frame

f points along the orbit radiug,is in the sail velocity direction) is
along thel saigular momentum vector)

square sail side length [m]

sail area [A}

distance to the sailcraft bus from the skihp in the sail normal
direction [m]

sail mass [kqg]
sailcraft bus mass [kg]

sail reflectivity

inertia tensor [kgfh

axial moment of inertia [kgfh
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Po
%

Xiii
transverse moment of inertia [kgm
orbit altitude [km]
orbit inclination [deg]
orbit right ascension of ascending node [deg]
right ascension of Sun [deg]

declination of Sun [deq]

solar flux at 1 AU [W/r]

sail normal unit vector

desired sail normal unit vector (on the desoene)

sail equilibrium attitude in the L-frame
sail normal error betweehandn,
cone angle (angle betw: and sail normal vector in deg)

clock angle (angle betweeand projection of sail normal onto tlie- v
plane in deg)

equilibrium cone angle [deg]

equilibrium clock angle [deg]

desired cone angle [deg]

desired clock angle [deg]

angular measure for cone perturbation froenettpuilibrium point [deg]

half cone angle and euler (rotation) angtetlie rotation matrix [deg]

rotation matrix for calculating by rotatingi, through an euler axis and
angle
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Xiv
euler (rotation) axis
angular velocity of the C-frame as seen emAkframe [rad/s]
B-frame components &&_ angular velocity from the simulation [rad/s]

angular velocity of the B-frame as seen sAkframe [rad/s]

angular velocity of the B-frame as seen inltHeame (describes sail tip
and tilt velbes with respect to the L-frame in rad/s)

desired angular velocity [rad/s]
dot product of orbit rate velocity and saikmal vector [rad/s]

projection of @, onto the plane orthogonal to the sail normal vector
[rad/s]

inertial sail spin rate [rad/s]

equilibrium sail inertial spin rate [rad/s]

desired inertial sail spin rate [rad/s]

sail spin rate about the sail normal vecttaitive to the B-frame [rad/s]

orbit rate [rad/s]

inertial sailcraft angular momentum of thér@ne as seen in the
A-frame [ktsi

angular momentum vector [k§isi

desired angular momentum vector [Righ
angular momentum vector from the sail simatafkgnt/s]

angular momentum error [kgts]
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XV

An_term - contribution from sail orientation termstihe angular momentum error
[kdts]

Aw _term - contribution from angular velocity termsthe angular momentum error
[kds]

T - net external torque acting on the sail [Nm]

7, - normal component of the net torque actinghensail [Nm]

7, —  transverse component of the net torque actimtpe sail [Nm]

7, — aerodynamic torque [Nm]

—  aerodynamic moment coefficient [Nm]
s —  solar torque [Nm]

—  solar moment coefficient [Nm]

T — gravity gradient torque [Nm]

T - gravity moment coefficient [Nm]

- control torque [Nm]

T — total torque from the simulation [Nm]

7, - total torque required to be on the desi@urg trajectory [Nm]
Tse — environmental torque from the simulation [Nm

Tee - environmental torque of the desired conmagettory [Nm]
Tstay_cone - additional torque required to stay on theirgel cone [Nm]

\% —  Lyapunov function [(kgffs)]

Keontro - control gain [1/s]

o, - angular position error [deg]
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XVi

d - angular deviation which is added to theaysto yield initial condition
i error [deg]

Ne —  L-frame equilibrium attitude

0 - angular deviation from the L-frame equilibr attitude [deg]
C,; — coning trajectory

cp—cm — center of pressure to center of mass offset

Fep-cm — cp-cm offset [m]

D - atmospheric density [kg/m

C, - coefficient of drag

S - sailcraft Sun vector

P - solar pressure [Nfin

fg — specular reflectance fraction

t — time [s]
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. INTRODUCTION

|.1. Advantages of Solar Sail Technology
Solar sails are an attractive solution for expensind massive space missions.
Traditional spacecraft must carry in-space propul$uel that increases both launch mass and
cost. A sail exposed to solar radiation offers fad continuous propulsion by manipulating the
sail thrust vector direction relative to the Suigure 1 illustrates a simple solar sail

configuration and Figure 2 shows how the solaratai thrust force is used for propulsion.

force component
along orbit

expanding orbit
original Dﬂfl}( net force vector from solar
’ radiation thrust

reflective
solar sail

force component away
from sun

u - *

incident sunlight
(photons)
sailcraftbus ’

tip vanes for attitude
manipulation reflected photons

Figure 1: Solar sail configuration Figure 2: Solar radiation thrust force

A solar sail consists of a sailcraft bus that heubke necessary electronics and hardware, a large,
reflective, gossamer sail and an attitude manimriatomponent (tip vanes, thrusters, reaction
wheels). The integrated effect of the reflectedtphs provides the propulsive thrust force. A
large sail area is required in order to interrinet photon radiation and produce an appreciable
amount of thrust force. Since acceleration is isghrproportional to mass for a given thrust
force, the mass of the sailcraft must be keptrtraramum. Thus, the sail and bus are designed to
provide a large area-to-mass ratio and maximiz@tbpulsion acceleration. Incident rays of

sunlight reflect off of the sail (assume specuddlection from a perfectly flat sail) and produce
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two force components: one in the direction of t@dent sunlight and another in the opposite
direction of the reflected rays. In the net foreetor, the components tangent to the sail surface
cancel and the components normal to the surfacécapicdbduce the thrust force approximately
in the sail normal direction. NASA’s CubeSail prfjeised a perfectly reflective 40 square

sail in simulation to show that at 1 AU from then$0.03 N of solar radiation thrust force can be
produced [27]. Although this force is relatively @lircompared with other propulsion methods,
it is available continuously and hence can stilubed to propel spacecratft for long distances
without carrying any propellant.

The free propulsion from solar radiation makegeaded mission durations feasible with
reduced spacecraft mass and cost. A typical sciemgson is expected to cost on the order of
one million dollars per kilogram of spacecraft mgsg. This leaves high potential for low-cost
science missions that have reduced spacecraft lass example, results from a comet
rendezvous mission study to reach Comet 88P/Haygellg chemical propulsion and solar

sailing are shown in Figure 3.

+ Sun
Earth

Y, Heliocentric, km

-6 -4 2 0 2 4

X, Heliocentric, km X 108
[Rizvi, et. al. 2009] [Stough, et. al. 2008]

Figure 3: Comet Rendezvous Mission Study Using Gta&lnand Solar Sail Propulsion

Via traditional chemical propulsion, a Hohmann sfaen from the Earth to the comet required

400 kg of propellant mass, whereas the solar sailpteted the same mission with a total
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spacecraft mass of 3 kg (a factor of ~135 redudti@pacecraft mass). This translates into lower
launch costs to Earth escape velocity and redueedldpment costs for the spacecraft [21]. The
transfer time for the high thrust approach usingnaital propulsion was 0.7 years as compared
with 10 years for the solar sail. Therefore, fossmns where transfer time is not a critical
parameter, solar sail propulsion can result iniBgant fuel mass savings.

The significant solar thrust propulsion enables-Keplerian orbits for solar sails. With
this unique capability of solar sails, many spagerse missions can be achieved which are
difficult to implement using conventional (chemicptopulsion techniques. Conventional
propulsion can only produce Keplerian orbits suglelapses, parabola and hyperbola (parts of a
conic section). However, non-Keplerian orbits carpboduced with constant sail thrusting
through which orbit raising and precession candteeaed. One such mission is the study of the
Earth magnetotail for which non-Keplerian orbite desired. This requires the spacecraft orbit
to continuously rotate to follow a Sun-synchronpagh and also raise its orbit to explore the
entire magnetotail. Two mission scenarios usingreational and solar sail propulsion are

illustrated in Figure 4.

Ay
A

Figure 4: Exploring Earth Magnetotail Using Cherhiemad Solar Sail Propulsion
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The chemical propulsion (purple line — rocket) witlel enough for initial orbit injection
produces an elliptical orbit, which then stays fiadly fixed as the Earth (along with the
magnetotail) rotates about the Sun. Since the ntafglerotates with the Sun-Earth line, an
inertially fixed Keplerian orbit with spacecraft@gee inside the magnetotail provides less than
three months of science data. The spacecraft teltata for a limited time until the magnetotail
rotates away with the Earth. In contrast, the sedérpropulsion system provides a unique
steering capability that enables long-term residemithin the magnetotail. In addition, the sall
orbit can also be raised to provide full coverafjthe magnetotail. The solar sail propulsion
(yellow line — sail) allows the semi-major axistbé orbit to increase and precess with the Earth
rotation. With a continuous Sun-synchronous apsefrecession to rotate and raise an elliptical
Earth orbit, at least two years of scientific dedald be returned [11]. Solar sail propulsion may
provide an optimum propulsion system over converichemical propulsion, at least in some
missions. It may also have advantages over elgmtojgulsion due to the ease in attaining non-

Keplerian orbits with reduced mission mass and [&jst

|.2.Solar Sail Previous Research and Challenges

Solar sail research has conducted orbit, attitudestructural analysis. The orbit analysis
focuses on producing orbit raising/lowering anduicidg orbital effects using the sails. These
effects can yield otherwise expensive orbits sicBw@n-synchronous and halo types. In order to
achieve the desired orbital effects, the sail ropstrate at the required attitude to modulate the
solar thrust. Thus, orbit analysis has also maatdhe research work on sail attitude
manipulation. This is the focus of the thesis. Mafdte orbit and attitude research have made
simplifying assumptions on the sail structural adods, and these assumptions are made here as

well. Detailed structural analysis becomes impdrtarce the orbit and attitude analysis proves
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feasibility based on the simplified model. A reddistructural analysis is then be needed to
answer questions related to sail shape deformatsaiisoehavior once deployed in space and
modeling imperfect sails due to variations in mdisgribution and reflective sail surface quality.

The coning control approach in this thesis isipaldrly appropriate for gossamer sail
structural dynamics because it uses minimum cotdargue and smooth sail motion due to the
sail operation around a fixed equilibrium attitwgiéh circular coning at orbit rate. Since the
orbit rate is low compared to sail structural mé@guencies, excitation of structural modes is
unlikely.

Details of previous work in the above topics am@ved below.

.2.1.  Orbit Analysis

The free and continuous propulsion from the saviges an inexpensive solution for
altering the orbital parameters of the sailcraftm&major axis changes in the orbit can provide
orbit raising or lowering. Sail orbit raising caa bsed to escape from the planetary gravitation
field. Sands analyzed an escape maneuver frométth Bravitational field using the solar thrust
force [25]. Using a flat, perfectly reflective stiiat rotated about its axis at half the orbit rate
solar sailing was found to accelerate a payloabstape condition in several months from near-
Earth orbit. Apart from orbit raising and lowerimgany other orbital effects can also be induced
from the solar propulsion. Oyama, et. al. have stigated the orbital dynamics of an Earth-
orbiting solar sail in which argument of perigee &tcentricity variations emerged [18]. A
simple steering law in which the sail was direcéahg the Sun line at all times in the orbit
could generate the necessary orbital effects. liffesof apse precession, coupled with

eccentricity variations was used to examine thehBaagnetotail. The argument of perigee
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changes allowed the sail to rotate along with tagl=Sun line, while the eccentricity changes
enabled the sail to provide full area coveragénefrhagnetotail (in length and width).

Apart from providing orbital effects, a solar széin be operated at halo orbits about the
created artificial Lagrange points. One applicabbthis is to provide early warnings of solar
plasma storms [20]. Geomagnetic storms can cagedisant difficulties near the Earth, such as
loss of spacecraft or degradation of GPS signatscan even be lethal for astronauts
performing extravehicular activity. Such events baraccurately predicted by monitoring the
upcoming solar wind and can be detected by spdt@tsruments (particle detectors and
magnetometers) located between the Sun and thie. Eare possible location is to place the
spacecraft at the L1 Lagrangian point of the SurtFEsystem. Lying 1.5 million kilometers
upstream from the Earth, it provides an opportutatgetect storms one hour before the
corresponding solar wind reaches the Earth. In tesspacecraft was located further upstream
from the Earth, the storm detection could be maatkee. Prado, et. al. have proposed that a
Sun-facing solar sail can be used to place a a#til8million kilometers away from the Earth
such that the storm warnings can be made even imadance [20]. The solar radiation
pressure would act oppositely to the gravitatiaithction of the Sun. With this force cancelling
effect, an orbit period identical to the Earth othit closer to the Sun will emerge. A sailcraft
operating at this artificially-created Lagrangertaipstream of the Earth is therefore a non-

Keplerian orbit that cannot be obtained by conwerai propulsion techniques.

.2.2.  Attitude Analysis
Conventional methods of attitude control suchhagdters are an expensive solution to
use on small sailcraft because they add complexitymass to the system (thruster and

propellant mass), and the need for propellant éirtie mission duration. Wokes, et. al. selected
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miniature thrusters to counteract disturbances lange 245 m x 245 m solar sail [6]. However
for a relatively small 40 fnsail, conventional thrusters are not an idealtsmuAs compared

with conventional spacecraft, significant solausitrforces act on the sail. Many have proposed
using simple sail-oriented devices that can maateuhis force and provide the necessary
attitude control without carrying propulsive fuel.

Sail devices can alter the center of pressurecanter of mass locations within the
sailcraft system to give rise to control torquaggpt, et. al. studied the use of four tip vanes
(Figure 1) for attitude control [7]. The tip vangieulation can change the location of the center
of pressure relative to the center of mass onaheThis alters the forces on the sail and gives
rise to torques. The tip vanes can be maneuversdcdm a manner that will supply attitude
control torques. Another attitude control technigses the center of mass location change
(instead of center of pressure) to provide therobtdrque. The sailcraft typically has a
concentrated bus mass on the order of the mase akil. Thus, bus motion relative to the sail
can produce significant changes in the locatiothefcenter of mass relative to the center of
pressure. This center of pressure to center of fegssem) offset modifies the forces and thus
results in torques on the sail. Wie, et. al. havlezad the motion of the sailcraft bus on a
gimbaled boom to provide the necessary controuisd30]. Apart from a non-spinning square
solar sail, Rizvi, et. al. have studied a spinrfiegogyro that uses the sail blade pitching motion

to alter the thrust forces on the sailcraft anddpoe the required control torques [21].

.2.3.  Structural Analysis
In order to analyze solar sail attitude dynamiog eontrol, accurate prediction of forces
and moments acting on the sail are required. Mitiside control systems have been developed

for a flat sail. An actual sail in orbit, howevéillows out due to the solar radiation pressure.
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Such sail deformation alters the center of maseier of pressure offset and thus modifies the
resultant thrust force and moment acting on thie Isaa research study, a geometrically
nonlinear finite element method is used to caleutatce and moment exerted on an arbitrarily
shaped solar sail subjected to solar radiationspreg24]. In addition, it is shown that sail
deformation due to solar pressure load can be a&ppabed by deformations that are caused by
corresponding uniform gas pressure load. Thisitatals force and moment sail analysis via
commercial finite element codes. With improved s#ilictural dynamics, force and moment
predictions, more accurate attitude controller glesican be developed.

Along with sail shape aberrations, sail surfacalipidegradation also affects sall
attitude. Non-uniform sail reflective property améss distribution give rise to unknown forces
and moments to the control algorithms. A studyeteeal how real, imperfect sails act as
propulsion devices shows that surface quality srresult in an unacceptable mission profile
when no initial calibration or on-the-fly correati® are made [3]. Thus, surface quality
degradation prediction remains a difficult challeng

Apart from sail shape deformation and surfaceasfeail deployment is also a concern.
A challenge has been to study how folded sail mamds behave when deployed. The
spacecraft structure houses the creased and psakenhtil deployed in space. There is interest
in the use of thin-film membrane structures foufatgossamer spacecraft missions such as solar
sails. Ultrasail (light weight, spinning solar 3alkesign relies on thin films for propulsion. The
structure does not contain booms or masts, whatifgiantly reduces mass and enables high
payload fractions and accelerations [1]. A différgtiaudy on a 500 mm x 500 mm thin-film
membrane determined the shape of the deployed nammland load displacement relationship

for in-plane, diagonal loading of the sail corngr@]. Although the analytical analysis is
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applicable to larger, sail-size membranes, it stithains inconclusive for sail deployment in
space because the space environment torques aeg fme not simulated. NASA’s advances in
solar sail technology however simulated a moreetlige environment. The NanoSail-D
mission developed, deployed and conducted vacustimgeon two 20 risolar sail systems [4].
Although the mission never reached Earth orbittduaunch vehicle failures, NASA achieved
advances toward these missions to develop, buddyesund-test an innovative solar sail

satellite.

1.2.4. Inducing Orbit Effects via Sail Attitude Manipulation

Orbit changes result from orienting the thrust geetith respect to the Sun, which
requires the attitude of the sail to be controll@de to the large size of the sail, significaniaspl
aerodynamic and gravity gradient torques act ors#lileand can disturb the sail attitude relative
to the Sun. Accordingly, large control torques eeded to counteract these attitude
disturbances, and an understanding of sail attitlytk@mics is required in order to design
appropriate control algorithms.

Recent studies have analyzed natural sail dynamiasler to maintain the desired thrust
vector pointing [9 and 13]. Generally, large ex&torques are required to maintain the desired
thrust vector pointing relative to the Sun. Lawmnet. al. have shown that specific kinds of
torques can be generated naturally under the mfief solar, aerodynamic and gravity gradient
torques [9]. This reduces the need for expensidenaassive traditional attitude control
techniques (attitude jets or reaction wheels). Gdsc ideas to operate at the attitude equilibria
of the sail normal vector in the local verticaldtorizontal (LVLH) frame. An extension of this

idea is to utilize a slight deviation of the sadkrmal from these equilibria, which results in sail
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normal coning about that equilibrium. McMahon,at.have shown that any desired orbit

changes can be obtained with sail normal coniraylat rate (circular cones) [13].

Figure 5: Sail Normal Coning in the Local Verti¢acal Horizontal Frame
In Figure 5, the sail normal cones about the LVIddigbrium attitudeJ\AlE . With a slight
deviationg from the equilibrium attitude, the normal vectorfraces a coning trajectory; @
the L-frame (defines natural sail coning). The ctvaeing should occur at orbit rate to attain
desired sail orbit changes. Swartwout, et. al.ilsst@ering law also produces the desired orbital
effects, however with significant control torquedaapid maneuvers that can damage the sail
[28]. In contrast, McMahon’s approach produces dimagail rotation rates that avoid disturbing
the structural sail dynamics [13]. In his work, r@hges of the desired orbital effects can be
attained when the natural sail coning occurs at oabe [13]. This thesis intends to build upon
these studies and explore the feasibility of desma control that can enable the sail normal to

trace a circular coning trajectory at orbit rate.
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1. SOLAR SAIL CONING

In this chapter, the dynamics of the solar sal@esented. With the sail dynamics, the
concept of sail attitude equilibrium in the localrtrcal local horizontal frame (L-frame) is
explained. The L-frame sail attitude equilibria leleasail normal coning in the inertial frame (A-
frame). A small perturbation from the sail attitiebpiilibria induces L-frame coning of the sall
normal about those sail equilibria. This L-frameiog of the sail is discussed in this chapter. It
is shown that natural environmental torques caseaail precession and enable L-frame sail
coning.

Many orbital effects can be obtained due to tHealme coning of the sail normal about
the sail equilibria. However, the natural rate ahdpe of coning of the sail normal about the sail
equilibrium point does not yield the desired orbéfiects. Control torques can be used to
enforce the desired rate and coning shape (circolaes). The use of control torque to enforce
circular sail normal coning at the desired ratihésmain subject of this chapter. The control
torque magnitude is different based upon how faststil spins about its own axis (sail spin
rate). The effects of variable sail spin rate aardmuired control torque are discussed. Finally,
different sail spin rates are used in the sail faan and results showing the coning of the sail

normal in the L-frame about the sail equilibriune @resented.

[1.1. Dynamicsof Spinning Solar Sails
The sailcraft studied consists of a solar sail saittraft bus, which is located out of the

sail plane. The sailcraft model used in this stisdshown in Figure 6.
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sailcraft bus

A0m* s2il
3 kg sailcraft mass

Figure 6: Physical Components and Dimensions oSthiteraft Model

The sail is assumed to be flat, rigid, uniform,aguwith a sailcraft bus located out of the sail

plane at a distance along the sail normaf,. Since the sail is symmetric and rotation alpout

does not alter any solar, aerodynamic, or graviaglignt forces, the sail attitude can be
described only by the sail normal vector when abersing these external effects. The bus is
located near the plane of the sail (0.22 m) as evetpwith the sail size (403nwhich enables
the sailcraft moment of inertia to be similar tattbf a flat plat [22]. A large, gossamer sail will
be non-rigid in space. It is argued that the otlgitlament control applications using coning
motions produce smooth, low frequency environmewotaues, on the order of orbit frequency
and require closed loop settling times on the oodaeveral orbits. The disturbance frequencies
and control system bandwidths are on the ordef8fHz (for 700 km Low Earth Orbit),
whereas the lowest structural modes of the saiiratiee range of I8to 10% Hz [5]. This

suggests that the torque applications do not eko#teail structural modes, thus justifying the
rigid body assumption from a control-structure rattion viewpoint. Non-uniform material
properties within the sail will cause imperfectasaleflections and variations in pressure-loading
on the sail. The varying pressure-loading issuedeiform the sail and hence it will no longer
remain flat in orbit. A deformed sail will experiemndifferent torques as a function of attitude.

However, the varying pressure-loading issue iscarsgary effect and offers more insight on the
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sailcraft torque as a function of attitude by déwigfrom the ideal case. This thesis study

focuses on the ideal (flat) case.

In order to describe the sail dynamics in a cacwlrbit, the reference frames used are

given in Figure 7 [9].

A

| Il\ ascending node

jﬁ“'*‘ ;
=

Figure 7: Reference Frames used to Develop Saihbycs

The A-frame, ¥, 2} is the inertial (fixed) frame. Theandy define the Earth equatorial frame

with X pointing along the vernal equinox. This normal to the equatorial frame. The local

vertical local horizontal or L-fram¢f,V,6} rotates along with the orbit at orbit rate. Fhpmints

along the orbit radial directiofijs in the direction of the sail velocity vector aid aligned with

the orbit angular momentum. The C-fra{ﬁ;ef), Q}is the sail body-fixed frame. Thigoints

along the sail normal vector (normal to the plahthe sail). Thed andgremain in the plane of

the sail. The B-fram%ﬁ,f, rh}is also a body frame except that it does not rotétte the sail in the

rotation aboufi. Thel andrlie in the plane of the sail. Thus, the only diffiece between the B-

frame and C-frame is the rotation abdufThe B-frame is taken to be aligned with the Grfea

at the initial time epoch.
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The sailcraft dynamics are described by formimglationship between the inertial
angular momentum vector and torque on the sail.ifiértial angular momentum vector in the
C-frame as seen in the A-frame is

“he =12 @, (1)
wherel .and” @, are sail inertia tensor and inertial angular veocihe change i(’\ﬁC is caused
by the application of net external torque on thk sa

BdA

AdA_’ BdA_’ A~ AR A A
P he =7= p he+"@gx"h. =1 pm O+ a)Bx(IS-

&) 2)

S

Thelis fixed in the B-frame because the B-frame isiaggpal frame due to the symmetry about
n. The B-frame is defined such that the relativeudargvelocity of the B-frame as seen in the L-
frame, @4 is zero abouli[9]. With this definition of the B-frame, the timd tilt of the sail

relative to the L-frame are described. The add#imail spin aboutis not included in the B-
frame. The advantage of creating a separation leettee sail spin aboatnd the tip and tilt
velocities (@,) abouti is that the dynamics can be written in terms efribrmal (alongi) and

transverse (orthogonal @) components. The inertial spin abaig given by

w, = o, =0 (Ao, + Py +20, )= 0, + o,
I\Bﬁ
g =N~ 0
A A 3)
o, =@, =w,b-N
it@, =0

where’ @, is the orbit rate and" @, = fdllows from the definition of the B-frame. Now @, is

partitioned as

(4)
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where, is the projection of @, onto the plane described by With these definitions,

A= A=  B= \_ = A A\ = N ~
l a)c—ls~( g+ a)c)—ls-(a)T+0)Ln+a)sn)—|s-(wT+a)nn)—|Ta)T+|na)nn
A

(5)

g x(l S-Ac?)c): (& + w0, A)x (1,0 + 1, 0,8)=(0,|,, — o, 1; ), xN
wherel ; andl  are transverse and axial moment of inertias. Nawa#gon 2 results in the sail

dynamics in terms of the transverse and normal corapts.

B

£=ly i+ o, < (1, o)

°d
7=l aa)T_'_(a)nln_a)LlT)a)Txn (6)
7,=1,-@,Nn

The derivation of the normal and transverse compisnegf the sail dynamics can also be found

in Lawrence, et. al. [13].

I1.2. Sail Equilibriain the L-frame and Inertial Sail Normal Coning
Any fixed sail normafin the L-frame describes the sail equilibrium atli in the L-
frame. The sail attitude can be defined by thersaimal vectom because the sail is symmetric
abouthand the rotation abofidoes not alter the forces on the sail. When tHensainal ,nis
fixed in the L-frame, but not aligned with, the sail rotates with the orbit and producestiaker

coning offiat orbit rate.

www.manaraa.com



16

The same @ at all points on the orbit
implies inertial coning of 7

Figure 8: lllustration of Inertial Coning of theftame Fixed Sail Normal

In Figure 8, the sail normal remains fixed in thérdme (indicated by the constant angleand
causes inertial coning afat orbit rate. By choosing appropriately, the sail angular momentum

precesses to provide inertial coning with desirablet change effects. The angular momentum
precession, in turn, is caused by torques actindpersail. To obtain the desired angular
momentum precession, the required torques on thmaat be determined.

Forinto remain fixed in the L-frame and enable inertiahing, the sail angular
momentum must precess at a desired rate-@he becduse there is no tip and tiltfioklative
to the L-frame (iis fixed in the L-frame). In addition, B-frame isa fixed in the L-frame by

the definition of the B-framéLcBB ‘A= O) and thus

A= L= A=
Wg= C()L+ Wg= @

LdAﬁ Ld (7)
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sincedis fixed in the L-frame and the orbit ratg,is assumed to be a constant (because the salil

force changes the semi-major axis, and hence thep@riod slowly as compared to the sail

B
attitude motions). With %AE)B =0

d - Pd, aam- cdiany tdian oA cdian A D, s aa

— oy = a(l — fR) @, = a( a)B)— a( a)B-n)n:— —( a)L-n)n:— a(a)oo-n)nzo (8)
sincedandnare fixed in the L-frame. Now, the torques orthagjdnnbecome

7 =(o,l,— o, )d; xf 9)
From the control viewpoint, the sail spin ratemust remain a constant. A constagavoids
any abrupt and impractical changes in the sail sggimthat can damage the sail. Since

o, =w,+®, andw, is a constantd, = »,0-N: sail attitudef anddare fixed in the L-frame
andw, is a constant) then fer, to remain a constanty, also has to be a constant. hean
remain a constant when the torque albisyzero.

7, =1, -0,Ai=0>a, =0 (10)

n n n

Now, *&.="®, +w hand

L
—A @ = %(A@L+a)5ﬁ} %a)sﬁ:O (11)

because, is a constant antlis fixed in the L-frame. The sail norntatan be described in the L-

frame via a cone angf¢and a clock anglg.
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Figure 9: Cone and Clock Angles of the Sail Norne#dtive to the L-frame
From Figure 9 [9], the sail normalbecomes
A = —(sinBsing)F + (sin B cosg )i + (coss)d (12)
With this definition of

®, =w0,0-h=aw,cosp
& =(1 = AR)* @, = (1 —AR)- (A&, + @, ) = (1 — AR)- 0,0 = w,(6— cosp-A) (13)
@ x i = -, Sin B - (Cosgf + singV)

Thus, fomandw,to remain fixed in L, the normal and transversewes must satisfy

7, =—(w,|,, — o, cosp)- w,sinfB-(cosg +singl) 14)
7 =0

These are the required torques that will enableldsred sail angular momentum precession for
the inertial coning of the sail normal in the A+fra. According to Lawrence, et. al., the
environmental torques acting on the sail can pmtind necessary torques for such sail attitude

equilibria to exist in the L-frame and have indrsail coning [9], as discussed in more detalil

below.
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[1.3.  Environmental Torques
In order to attain a fixed orientationioih the L-frame, a balance between the torques

acting on the sail and precession of the sail argubmentum is required. Apart from control
torques, the natural environmental torques actmthe sail are the aerodynamic, solar pressure
and gravity gradient torques. The aerodynamic atett pressure torques produce negligible
forces in conventional spacecraft. However, duihédarge sail area, the forces emerging from
the aerodynamic and solar pressure torques ardygneagnified in the sailcraft. In addition, the
sailcraft has significant gravity gradient torqibesause its mass properties resemble that of a
flat plate. Lawrence, et. al. propose that therdesnertial coning of the sail normal can be
attained by advantageously employing these enviemah torques with the natural spin
dynamics of the sail [9]. The sailcraft is spuraa&pecific rate such that the aerodynamic, solar
pressure and gravity gradient torques provide #sreld precession of the momentum vector
and thus induce inertial coning rof

The aerodynamic torqug,on the sailcraft depends on the orientationrefative to the
aerodynamic force vector, which is approximatelyhia direction of the sailcraft velocity vector,
V.

7, =7, SinBlcosg|(cos/F + sin Bsingd)

(15)
Tam = % rcmcmpCszA

wherer, is the aerodynamic moment coefficient for a givprcm offser, atmospheric

cp—cm?
densityp , coefficient of dra§, , sailcraft velocity relative to the atmosphere and sail akea

The solar torque,, depends on the orientationfafelative to the sailcraft Sun vecté(assume

that the Sun vector is in the orbit normal direct®-= 0).
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7, = 7,,Sin fcosp|(cosg +singv)

16
r,, =r.(1-f)PA (16)

wherer, is the solar moment coefficient for a given soleessureP and specular reflectance
fraction, f,. The gravity gradient torqug, is given by

7, =3z, Sin Bsing(cospl - sin # cosgo)

Tgm = a)oz(l n_— IT) (17)

wherer  is the gravity moment coefficient that depends ailcsaft mass properties and orbit

rate.

I1.4. TorqueBalanceto Attain Sail Equilibriain the L-frame

The net torque, = 7, + 7, + 7, must satisfy equation 14 and yield the requiredues to

provide inertial coning afiand thus fixed attitude in the L-frame. Three sii@mutous equations

emerge, creating a balance between the net tarqaed required torque (equation 14).

F — —(@p0l , — @, 17 COSB)- @, sinBcosp =, sin B cosp|cosg| + ., sin B|coss| cosp
V= ~(@p,], — @, 17 COSB)- @, sin Bsing =z, sin fcosp]sing + 3r ,, sin B cosBsing (18)

6 — 0=—7,,sin’ fjcosg|sing + 3r,, sin? Bcosgsing
wherew, corresponds to the equilibrium sail spin that thi€rmust maintain in order to provide
the required torques (to satisfy the three comptsneinequation 18). Thus, a givgrandg
orientation ofiin the L-frame is an equilibrium solution to thel sdtitude dynamics when a spin

ratew, exists and satisfies the three equations for amyitvalues of w, (orbit

am? Tsm’

parameters)|, andl; (sailcraft design parameters). The equilibriumesahat emerge due to

relationships between, ,z..,,®,,|,andl; are excluded because these would restrict the orbit

sm?

and sailcraft properties and make the mission ictgral. Thus, the sail spin rate is treated as a
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variable to reach equilibrium. There are two typeequilibria points explored in this thesis
because they were found to be neutrally stabldibgai[9] and produced orbit lowering/raising
(a typical application of solar sails).

1. ¢=0": causes orbit lowering by producing a componersatdr thrust vector in the anti-

velocity direction. The equilibrium spin rate remd is

a)no

=SB (11 42— sigricosp)) (19

Ina)o

2. ¢ =r: causes orbit raising by producing a componesotdr thrust vector in the

velocity direction. The required equilibrium spate is

_ cosp (0,217 = 7. — 7.Sigricosp)) (20)

no | o
na)o

Simulation results for one of these equilibriumrgsiare presented in the following section.

[1.5. CubeSail Simulation

Lawrence, et. al. have created a MATLAB simulationa CubeSail (small solar sail
satellite) that propagates the sailcraft attitudeéear the influence of aerodynamic, solar pressure
and gravity gradient torques over a circular, Loavtk Orbit [9]. The orbit and sailcraft

parameters used are shown in Table 1.
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Table 1: Orbit and Sailcraft Parameters

Orbit Parameters
Altitude, a 700 km
Inclination, i 90°
Right ascension of ascending node, 180°
Orbit rate, o, 1.06 x 10’ rad/s
Right ascension of sum, 90°
Declination of sund, 0°
Solar flux at 1 AU,F, 1358 W/ni
Atmospheric densityp 5 x 10" kg/n?®
Aerodynamic moment coefficient,,, 1.18 x 10° Nm
Solar moment coefficient;, 9.84 x 10° Nm
Gravity gradient moment coefficient, 6.33 x 10° Nm
Sailcraft Parameters
Sail side lengthL 6.325 m
Sail massm, 1.7 kg
Sailcraft bus masan, 1.3 kg
Distance to bus from sail planefidirection, r, 0.22m
Axial moment of inertia, , 11.3 kgnf
Transverse moment of inertid, 5.7 kgnt
Sail reflectivity, s 0.9
Aerodynamic coefficient of dragz, 2.2
Specular reflectance fractior, 0.7

Along with these parameters, for a cone anglé ef 35 and clock angle af, = 0° (@, was

calculated to be 6.32 x T@ad/s), the simulation was run for two orbitalipds. Figure 10

shows the results for the motion of the sail normia the L-frame.
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Figure 10: Sail Equilibrium in the L-frame (Sail Noal is Fixed in the L-frame)

Thes andg angles along with thestay fixed in the L-frame. Figure 11 shows the Itssior the

motion offiin the A-frame.

Figure 11: Inertial Coning of the Sail Normal iretA-frame

Observe thatiis fixed in the L frame, but exhibits inertial cagi(in the A-frame).
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[1.6. L-frame Sail Normal Coning
Lawrence, et. al. have shown that for the develggal dynamics, a small sail normal
perturbation from the L-frame attitude equilibrigmables the sail normal to cone about that

equilibrium point [9]. This constitutes sail nornwning in the L-frame illustrated in Figure 12.

e

i,

o

5‘8 #1 cones sround the aquilihriumﬁ‘.
s a

Figure 12: lllustration of the Sail Normal Coningthe L-frame

Thef, exhibits the sail equilibrium point ands the coning sail normal vector. The perturbation
is given by a small deviatio in the cone anglgd. The coning is defined such that the cone

need not be circular or have a fixed coning rated&cussed earlier, McMahon, et. al. have

shown that desired orbital effects can be induckdnithe L-frame coning occurs at orbit rate

such that one rotation ofiroundi, is completed in one orbital period and has a cacabning

shape [13].

[1.7. Orbital Effectsfrom L-frame Sail Normal Coning
McMahon, et. al. have analyzed the special casgrailar coning ofiabout a stable
equilibrium attitude in the L-frame [13]. Neutraliyable equilibria are considered because small
perturbations from the equilibrium does not alfvtw asymptotically increase away from or

decrease towards the equilibrium point. Thus, amhtoning motion is exhibited. When one
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coning rotation is completed per orbit, nearly anlyital effect can be induced with zero control
torque and minimal excitation of structural dynasnfdue to the smooth coning motions). As a
special case, operating at the sail equilibriuntuaté (and not cone about the attitude) the
induced orbital effects are restricted to orbisirag and lowering.

When the coning motion is implemented, changeékerorbital angular momentum
vector, energy and eccentricity vector emerge. dibéal effects that are induced via the coning
motions can have many applications. One applicatidar Sun-synchronous orbits, where the
orbit right ascension of ascending node must dtift required rate for the spacecraft to remain
Sun-synchronous. The nodal drift is naturally cadusgthe d gravitational effect and is a
function of orbit radius, inclination and eccenityic With the proper coning motion af, the
solar sail can be used to overcome undesired mvdefrom errors in the semi-major axis (orbit
radius and eccentricity) and inclination. In adufiti the solar sail can also be used to provide
additional nodal drift and thus create new Sun-Bymeous orbits which are not possible with
just the J effect. Another application of the coning motiert® use the solar sail to overcome
injection error from the launch. McMahon, et. alvh shown that the launch errors from the
Pegasus, Delta Il, Delta IV, Atlas V, Falcon |, Mtaur | and IV, and Taurus launch vehicles for

Low Earth Orbits could be overcome by a solar [44].

11.8. Inducing L-frame Sail Normal Coning
To attain sail equilibria in the L-frame and eralviertial sail coning, the sail angular
momentum must achieve the desired precessionFatehe desired precession rate, the salil

must spin about its axis at a required rate. THespa about its axis is described in Figure 13.
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Figure 13: Sail Spin about the Sail Normal Vector

The desired sail spin rate will be referred tolesequilibrium sail spin rate. The equilibrium

spin rates &,,) required for the sail attitude equilibria usedhrs study are given in equations

19 and 20. As the sail normal precesses from théilegum point and cones in the L-frame, the
sail need not spin at the equilibrium rate. Thetmdriorques required to remain on the desired
coning trajectory differ based upon the sail spite used. In order to minimize costs, the salil
spin rate requiring the least control torque magtetneeded to trace the desired orbit rate
circular coning trajectory should be used. The dribrque induces the desired coning and
enforces orbit rate coning. The part of the conivajue used to induce the desired coning
(referred to as coning control torque) allows thié I3ormal to trace the desired shape of the
coning trajectory, whereas the other part of th&md torque enforcing orbit rate coning (called
as the rate control torque) allows the sail nortodiace the trajectory at the desired rate. The
total control torque required to attain the deswduit rate circular coning is a combination of
these two control torques. When the sail normplrésessed from the attitude equilibrium and
has the equilibrium sail spin rate, Lawrence, kethave shown that the sail normal exhibits
natural coning about that sail equilibrium in thérme [9]. Due to the already coning behavior
of the sail normal, the coning control torque magphe is reduced. The natural coning motion
does not occur at the desired orbit rate [9]. bieoto enforce the coning at orbit rate, the
magnitude of the rate control torque increaseshierequilibrium sail spin case. This is because
the spinning sail adds to the total angular momantéithe sailcraft and thus increases the rate

control torque required to provide the desired matm@ precession. As the sail spin rate
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magnitude is reduced however, the sail does noy earmuch momentum due to which the
momentum can be precessed more easily with redatedontrol torque. On the other hand,
deviations from the equilibrium spin rate can caoss of natural coning behavior. This
increases the need to require more coning cortdrgue such that the desired coning motion can
be attained. The rate control torque magnitudeaddast for the zero sail spin rate because a
non-spinning sail adds no additional momentum éostilcraft momentum. This makes the
desired momentum precession possible with the tagsicontrol torque. Conversely, the coning
control torque magnitude is the least for the elgailm sail spin rate because the already coning
behavior (natural coning) is best attained wherstikspins at the equilibrium rate. Due to this
trade-off between the rate control torque and agpeontrol torque (combination of both yields
the total required control torque), it is interagtio study which sail spin rate can result in the
desired orbit rate circular coning with the leasttrol torque magnitude. In this thesis, the L-
frame sail coning is analyzed for two sail spiresatequilibrium spin rate and zero spin rate.
Before determining the required control torquesdeeeto enforce the desired coning, it is
important to study the natural motion of the sathwhe equilibrium and zero sail spin rates

under the influence of the environmental (natu@ifjues. In the CubeSail simulation, a small

perturbation ¢ =1") is added to a sail equilibrium having a cone ej§k 35 and clock
angle, ¢ = 0° (the significance of choosing this equilibrium pomexplained in 111.2).The

simulation results showing the coningah the L-frame for these two spin rates are presknt
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37

[n] - Lframe coning ‘r"-'r ________ :

Cone Angle, p, [deg]

® | -frame sail equilibria |} : :
#+  start : [ BRI
end : ;

33 ! i
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actual/sim 25 3 088"
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nominal - L-frame sail equilibria

Clock Angle, ¢, [deg]

15
Time, [orbit periods]

Figure 14: Sail Normal Coning in the L-frame abthé Equilibrium Point,[}=35°,$=0°] Using
the Equilibrium Sail Spin Rate

The three-dimensional plot shows the motioniofthe L-frame. The two-dimensional plot gives
a time history of the cone and clock angles overdburse of several orbital periods. Hle®nes
about the equilibrium point in the L-frame. Howevére coning does not occur at orbit rate (one

cone is traced in one and a half orbits).
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-200
0
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Figure 15: Sail Normal Coning in the L-frame abthé Equilibrium Point,[}=35°,$=0°] Using
Zero Sail Spin Rate

Even thoughmstays in the vicinity of the equilibrium point, tkening is not well-defined in

Figure 14. Since the sail is not spinning alimattthe equilibrium spin rate (has zero sail spin),
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the dynamics are different, and recognizable L-famning is not observed. Although quasi-
periodic, the motion ofi in the L-frame does not occur at orbit rate (ooeecis traced every
two orbits in this case).

Since the natural motion is not orbit rate circaning (desired for useful orbital
effects) control torques on the sailcraft are ngaps This thesis addresses the type of control
method that can be used in order to enforce oalgt circular coning and analyzes its
performance. As Figures 13 and 14 suggest, cottrgle magnitude required to attain orbit rate
circular coning will differ based upon the sailrspate. In the case with equilibrium spin, more
torque is required to precess the angular momenesitably (due to the large angular
momentum), but less is required to initiate tharéesconing since the natural sail motion is
already coning. In the case with zero spin, morgue will be required to attain the desired
coning because the natural coning is not well-aefjrbut less is required to precess the angular
momentum as there is only the angular momentunmaloebit rate rotation of the sailcraft. The
amount of control torque required and which saihspte uses the least torque magnitude will

also be explored in this thesis.
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[11.CONTROL METHOD
A control method is developed to enable the saitmal nto track the desired sail normal

A, on the circular coning trajectory and provide brhate coning in the L-frame. The control law

must establish a relationship between the contralue, ., and sail motiomrelative to the

desiredf_that provides closed loop stability. Note that $aé angular momenturh,andz

control

inertial - -,
are related by the simple dynamics [h} =7 . Thus, a control method will be developed such

thath tracks the desired angular momentLﬁmn the coning trajectory at orbit rate. The control

law is used to reduce the error betwkamdh_. Since sail angular momentum is a function of

sail normal/angular position (equation 32), thetomrlaw is created with the hope that error
reduction in angular momentum and thus trackingdisred angular momentum at orbit rate

will also lead to tracking the desired sail angydesition at orbit rate (enahido trackn,).

[11.1. Angular Momentum Error Reduction Control Method Theory

This control method enables the sail angular maumrvectoﬁsto trace the sail angular

momentum vector on the desired circular coningettajry ﬁc at orbit rate. This in-turn can cause

the sail normal vectorto trace the desired normal,and hence yield the desired circular

coning at orbit rate. Heﬁgis the simplified notation for the angular momentuector of the C-
. A= . L o .
frame as seen by the A-frame (given Ehlg]c) Likewise h, is the simplified notation for the

desired angular momentum vector of the C-frameesan by the A-frame (given QBHCL). In
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order to prescriblécthe kinematics of the coning trajectory are cal@daFor a giveg,andg,,

the desired coning trajectory is illustrated inuFig 16.

. E
E. E
e\ Traces trajectory

at Ly

25

Figure 16: Desired Coning Trajectory

The desired trajectory traces a circular cone (tahie angley ) about nominal sail normaj at
orbit rater, . The cone lies in a plane perpendiculai,toThe sail normal position on the cone at
each time step is given By. The motion of the sail normail.is determined by rotating via a

time-varying rotation matrix®’which has rotation axisand rotation anglé. In order to

calculateE, a vectorElperpendicular té,is defined in the L-frame components.

COS{ﬂo)'Sin(%)
él 1 rA‘o - [él]L =~ Cos{ﬂo)' C05(¢0) (21)
sin(3, )

A plane can be defined by two orthogonal vectoteng withéi, the plane of the cone is
determined by calculating another vecél;,: é1 x A, . Now, the vectoE at each time step can
be expressed as a linear combinatioB,ahdE, in the plane of the cone.

E = codm,t)- E, +sin(wyt)- E, (22)
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With the rotation axi<E and defined rotation anglé, the rotation matrixx? is [26]

E1’ E@)-E(2) E@)-E(3) 0 E@B -E@2
R =cod0) 15 +(1-cow) | EQ)-E(2)  E(Rf  E2)}E@)|+sinl)|-E®) 0  ED | (23)
EQ)-ER) E@)-EB) E@B) E -E@) o0

and the sail normah, is given by, = R” - fi,. Using the definition of the sail normal in the L-
frame, the desired angular positiofi, andg, ) of the sail at each time step on the coning

trajectory can be computed as

| oot | = TR
n.]. =| sin(f,)-codd.) |= , an -A. (1
cog.) pot (ﬁ 2)] o

Figure 17 presents an example of the desired eiraaning trajectory (half cone angbes 1)

throughout one orbital period for a given sail éiQuum point atg, = 35 andg, = 0°.

N [n,],- sail equilibrium

desired cone
" 1 ~ o

Desired Cone Angle, [;‘,C, [deg]

34 i i i
0 desired

0.8 1

— L-frame sail equilibrium

R i i i ' 0 fd
0 02 04 06 0.8 1 r
Time, [orbit periods]
Figure 17: Desired Circular Coning Trajectory havhtalf Cone Angleg=1° about a Nominal
Sail Normal off3=35°,®,=0° (One Orbital Period)

Desired Clock Angle, (N [deq]
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The nominal sail norma, is rotated at each time step wirito yield the desired cone given by
n.. Thep,andg, of the coning motion (extracted fram) exhibit sinusoidal behavior and can be

expressed as
B. = By + x-sin(w, -t),x= 5

(]

From the desired angular position, the desired langusition rate §, andg,) is determined.
B. =65 w, codw, -t)
¢, =—y- @, sin(w, 1),y = tan‘l[—_AnE (;)“me“oj (26)
c time=0

The rate also has sinusoidal motion. Along withdksired angular positions and rates, the
desired angular velocit}*@B*) is also required to derive the kinematics ofdbaing trajectory.

The rate of change @fin the L-frame is

Ldﬁc ° dl;\]c e s d[ﬁc] - A
L =[*@e) <[] 27)

since the sail normal is fixed in the B-frame. Byframe is defined such that the motiomaf
the L-frame only describes the sail tip and tilloeities (there is no rotation about the

direction). Hence, equation 2an define only two velocity components uniquelgt the

angular velocity components 'ab, in the L-frame be

a)r
[L&)B ]L =] @y
a)O
Now %can be expanded as
ail | sinf, cosg, 4, — cosp, sing,f3. w, COSP, — w, Sin B, COSp,
n . .
dct - =| —sinfB, sing 4, +cosp. cosg. B, |=| -, cosB, —m,sinpS, sing, (28)
—sing_p. , Sinf_ cosp, + w, Sin B, sing,
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and re-arranged to give

0 cosf,  —sinp.cosp, | [w, | |-sinp,cosp.g, —cosB, sing,p.
—cosp, 0 —sing_sing, |-| o, | =| —sin B, sing 4, +cosp, cosp, S, (29)
sinf, cosp, sing._sing, 0 w, —sing. A,

A
The A matrix is singular because its determinambusd to be zero. One of the velocity
components is linearly dependent on the other twebleence multiple solutions foig exist.

Figure 18 depicts the meaning of multiple solutionthis case.

i o
Figure 18: Multiple Angular Velocity Solutions

In Figure 18," @, is expressed in the B-frame components. All sohgtibave the san@ndm
components but differenttomponents because the use &f, x i_equation makes thevelocity

component arbitrary (the kinematic equation 27 @aly describe two velocity components
uniquely). However, the B-frame is defined to hawvecomponent of the angular velocity in the
Adirection. This requires thevelocity component to be zero. Thus, the uniquaukargelocity

solution, @, can be obtained by projecting one of thg solutions onto the plane defined iy

such that no component of the angular velocity ocauthe sail normal direction.

A

L= * A AL L P
2 :(|3x3_nc'nc)' g = C’)B_(nc' wB)nc (30)
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The unique solution is obtained by removing anyweigy component in the direction. Now,

the simulation and desired angular momentum vectamsbe expressed as

A~
A~

ﬁszln(a)l)-ﬁ+lT(a)2)'| +IT(a)3)-m (31)
A = 1@, ) A+ 1y (@, (15— -, )- 0+, ) 32)
wherew, , w, andw, are the B-frame components 0fic, and on is the desired inertial sail spin
given by

B { zero_spin— A.-*@. = A, -(AZoL+ 8
| equilibrium_spin— A, - (*@,+' @, +2a. )= 1A, - ( 6+0, -wn, (33)
becausei_-"@, =0and choosin§@. = 0for no sail spin rate relative to the L-frame foet
zero sail spin case. The angular momentum erribreis found to be

A™. = hg - B,

AAI:].C = Ina)lﬁ_ Ina)ncﬁc + IT @, '((|3x3 - I;:]'I;-\])'a_(|3x3 - ﬁc ﬁ0)6)4_|:|T '(LCBB_LCBB*)] (34)

An_term Aw_term

where the error term is decomposed into and expdess a function of sail normal angular
position and sail normal angular velocity composeft order to determine a control torque

T that reduces the angular momentum error, a Lyapstability approach will be used.

control

First, a Lyapunov function candidate is defined.

1= =V(~ =
sz(hs_hc) (hS_hc) (35)
From equation 35, the functidhis positive definite with respect to angular motuem error.

The behavior of the derivative ¥fcan then be used to infer the behavior of the @ngu

momentum error.
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C;_\t/ = Ld(ﬁsdt_ ﬁc T (ﬁs - ﬁc)_ Ad(ﬁs — HC)T A6‘)L X (ﬁs - ﬁc) (ﬁs ~h )
ol T (36)
b))

Because the inertial derivative of angular momenyigtds torque, the derivative dfcan also

be expressed as

V o (ee-z.) (R

dt
Z-S = Z-Se + Tcontrol (37)
Te = Tee + Z-stay_cone

wherer g andz are total torques of the actual (simulation) ansiréel coning trajectoryg.and
r.are environmental torques of the simulation andrgtrajectoryz . ,.andr.,.., are the

additional torques required to stay on the desimate and the control torque applied in the

simulation, respectively. The derivative of V beasn

dv S
E = (Tcontrol ~ Tstay cone + §Te )T ’ (hS - hC) (38)
5z-e =Tse™ Tee

In order to ensure that the derivative\ofemains negative definite with respect to the #argu

momentums ..., Should be chosen as

T control = _kcontrol ’ (HS - ﬁC )+ Tstay_cone — 52—6 (39)
which enables the derivative ¥fto be negative definite, as desired.

dv

E = _kcontrol(ﬁs - ﬁC )T ’ (ﬁs - HC) (40)

The stability analysis proves thﬂiﬁc decays to zero [26] and thus the control law emflglm

trackﬁc, for any positive control gaik

eontrol *
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This seems to be a nice result. Unfortunatelypfexamining the decomposed
components within the angular momentum error (agn&4), the Lyapunov function is not
positive definite with respect to the sail normatausé/ can be zero even when sail normal is
not (a combination of non-zero sail normal angplasition error and velocity error can ena¥dle

to become zero). Thus, whether the sail normar ¢rkd = n—n,) decays to zero has not been
proven. Since the angular momentum error is a fonaf sail normal angular position (equation
34), the control law reducing“ﬁC is implemented anyway (below) with the hope m%ﬁc -0
can cause\il — 0 and enablé to track the desire, on the coning trajectory.

The environmental torques act on the sail basetsattitude, and these attitudes differ
in the simulation and on the desired coning traggtunless the simulation trajectory exactly
matches the desired coning motion. Since the agpic of control torque,,,,., is intended to

enableAh — 0, and that may cause simulation sail attitiide> desired cone sail attitude, , it

may be reasonable to assume thatis small. In this case

dv o
E = (Tcontrol - z-stay_cone)T : (hS - hC)
Tcontrol — _kcontrol ’ (HS - ﬁC )+ Tstay_cone (41)
Therg,, neCan be given by
Tstay cone — Fc ~ Tee (42)

wherer,is the torque required to trace the desired cohéwis rather complicated to calculate

on-line (inertial derivative of the desired angutamentum, equation 32). The environmental

torques on the desired cone,involve many estimates of environmental factors s their

analytical predictions can become inaccurate. $isgae, such calculations (variables involving
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many unknowns) on a small sailcraft should be aaid hey can be avoided with the idea that

K

inz -ontrol 1S @ UsSer-defined constant term and can be chasge énough such that its term

control ?

With these simplifications, the Lyapunov

cone*

in equation 41 dominates the effectof

function and control torque are approximated by

C:j_\t/ = (Tcontrol )T ’ (HS - ﬁc)

T control — _kcomrol (hS - hC)

(43)

The next section examines the behavior of this Bfiag control law.

[11.2.  Angular Momentum Error Reduction Results and Discussion

The sail dynamics under the influence of environtaktorques are presented for the zero
and equilibrium sail spin rates. For the zero spih, the results for the equilibrium points,
[ =35,4=0]- orbit lowering and p =145,¢ =180'] - orbit raising are given. These two
equilibrium points were selected because they iedube largest orbital effects (energy, angular
momentum and eccentricity) for 1° cones (see AppeAll The robustness of the control
method is tested by adding initial condition ernarshe sail angular position (these simulate
errors in the sail attitude that emerge from disamices) and using larger coning cones (greater

orbital effects can be induced with cones larganth®).

[11.2.1. Orbit Lowering Case with Zero Sail Spin

In the orbit lowering case, the thrust is in tinéi-aelocity direction. The equilibrium
point used ig = 35,¢ = 0°. The control method performance in tracing tharddscone at orbit

rate is examined. The control method is designeddace the angular momentum error. The

Lyapunov function indicates the performance ofd¢bmetrol method for reducing this error.
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Figure 19: Lyapunov Function, Its Approximated Dative and A-frame Angular Momentum

Components for Coning Trajectory having Half Conggke,5=1° about a Nominal Sail Normal

of Bp=35°, ®x=0°
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The Lyapunov functioV in Figure 18, and thus the angular momentum en@gnitude, is
significantly lower than the absolute sailcraft aleg momentum (~10times lower). This
indicates that the control method is successfubducing the angular momentum error. On the
other hand, even though the (approximate) derigaii\ is always negative, the functi®h

does not monotonically decrease. The derivativé whs approximated from

(Tcontrol - z-stay_cone_'_ 5Te)T ’ (HS - ﬁC) to dd_\t/ = (Tcontrol)T ’ (ﬁs - ﬁc) with Slmpllfylng

dv
dt
assumptions eliminating,,,, .., and oz, as discussed earlier. In order to understand the

incompatible behavior betwe&hand its approximated derivative, the individuatjce

components in the non-approximated derivative aagnéned in Figure 20.
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1 T T T
| | |
| | |
| | | ‘ |

Gl L ‘ T A e
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Figure 20: Torques of the System in the B-frame
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Ther ... 1S approximated usingk_ ..o (ﬁs - ﬁc). The magnitude is on the order of®1m,

which is reasonably sized for a small sailcraft: &similar 3 kg and 40 fisolar sail, magnetic
control was used to enable inertial coning of thiérsormal at orbit rate and predicted maximum

control torques on the order of 18m [8]. In Figure 20, thér torque is ~16times lower in

magnitude than_,, andr

contro

stay_coner JUStiIfying the assumption of elimination, from equation 41

(o7, is negligible as compared with, ., andr .., .ne)- NOte, however, that the,,, ...torque is

nearly identical (except for numerical noise) tedfy - Ther ., IS determined numerically
by calculating the total torquerequired for precessing the angular momentum onléseed

cone and deducting the environmental torqugsfromz_ (equations 42 and 44). The total

torque on the desired comejs the inertial derivative of the desired angulamentumh, . A

numerical solution for_can be obtained via a finite difference

. = hcz_hcl _ Ahc (44)
t,—t, At

whereAh_is the change in desired angular momentum overiadgef time At . Theﬁcland h,,

are calculated at timéandt + At via equation 32. The magnitudeAtfis decreased enough (with
machine limitations) to approximasé — 0. When the non-approximated derivative\os used

that includes the effects of,, ....andr ., the Lyapunov function and its derivative correspo

ce’

to each other.
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Figure 21: Lyapunov Function and Its Derivative

The derivative is no longer always negative exptajrwhyV does not decrease. Even thodh
does not decrease, the oscillation¥@re bounded. This indicates that the momentumserro
within the system remain bounded and do not grotl tne. Sincé/ is a measure of the
angular momentum error, the control method thulesahe sail angular momentum to trace
the desired with some small, bounded error. The@table nature of this error in the cone

tracing is discussed later in this section.

One may wonder why, in Figure 20, thg, .,..torque is essentially identical to the

control torquer Observe that the actual torque on the system thensimulationzgand

control *

total torque required to stay on the desired coreee given by

www.manaraa.com



43

TS = Z—a\ctuallsim = Tse +7

control 4SQ

T stay_cone

c - Z-required =Tee +7

Whenoz, is negligible, the environmental torquegsand r_.can be expressed as

0Ty =Tge—Toe > 0= 75, =7, =17, (46)
from which the total system and desired cone tsdgzome
Ts = Tactal/sim = Ce + T control (47)
Te = Trequired =Te + Tstay_cone

From these equations, in order to trace the deswad and induce the required angular

momentum precession rate, meisthave the total simulation torqug,— the desired cone
torqueyz,. This explains the behavior in Figure 20, whegeg, ,is found to be identical to
T

stay_cone*

The corresponding behavior for the sail normahiswn in Figure 22.

[n],- actual/sim n [rad] " = 7
h ! H ! o
[n ], : desired n [rad] %
+  sail equilibrium - =
e L =
- : :
5 |
3 .
AL T = 0.E 1 15 2
0825~ & sim/actual
.”: , S _ 2 T sail equilibrium
o 082+ 001 E .
; =
0.815 & =
2
0814 ¢ ; P : E
. . ’ I_" G
0.585 &g 0575 r .5
. 0.57 0565 0.56 Time, [orbit periods]

W
Figure 22: Sail Angular Positions for Coning Trageg having Half Cone Angl&i=1° about a
Nominal Sail Normal of=35°, ®o=0° in the L-frame
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The three-dimensional plot indicates that the admtrethod enables the simulation sail normal

N to trace the desired circular cone. The simulatiod desired trajectories in this case begin at

the same initial conditions. In the cone and clangles plot, botj# andg complete one cycle in

one orbital period and repeat the same pattermeimext orbital period. Thus, the control method

also enables orbit rate coning. The errors inldévidual components of sail normal in the

coning tracing are shown in Figure 23.
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Figure 23: Individual L-frame Components of Simathind Desired Sail Normal with Errors

As the cone is traced, Figure 23 shows that the emagnitudes of thé, Vv andé sail normal

components oscillate. Even though there are emdise coning tracing, they appear to be

bounded. In addition, the error magnitudes areifsogmtly lower than the absolute component

magnitudes (1910° times lower). McMahon, et. al. assert that thepshaf the coning need not
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be accurate as long as orbit rate coning is actieverder to yield the orbital effects [13]. Thus,
slight deviations from the circular coning are egpected to have significant deviations in the

averaged orbital effects induced over an entiré.orb

A sensitivity analysis is performed where the colngain k., IS varied to study the

maximum angular position error between the simdlated desired sail normal. The angular

position error definition is illustrated in Figupd.

Figure 24: Angular Position Error

The angular difference between the desired andlatedisail normal is defined as the angular

position error. Th&_, . was varied over a range of 0-2 and the variatiamaximum angular

error (over one orbital period) was studied. Inevrh understand the results, the angular error

between the simulated and desired angular momeistafao shown.
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Figure 25: Sensitivity Analysis of Maximum Angulosition and Momentum Error (for One
Orbital Period) to variations inctrol

The angular position errdd,decreases more rapidly with steadily increagjpg,, . As the

magnitude ok_,,, increases, the decreas#ibecomes less rapid, until the limitidgof 0.05° is

reached (indicated by the dashed line). Smkllgr, magnitudes result in smaller control torque

magnitudes at each time step. With smaller combrgjue magnitudes, the simulated angular

momentum is not corrected to trace the desiredlanguomentum as rapidly. This means that
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the angular momentum error is larger for smaler , magnitudes. Ak, increases, the

angular momentum is corrected more rapidly to ttheedesired. This results in a smaller error.

The angular momentum error decays rapidly withaasmgdk Since the angular position

control *

error is a function of angular momentum error, éhalso decays in a similar fashion. Ideally,

the error should decay to zero as increasing cbiutrgue will enable the simulation to trace the

desired exactly. However, thgdecays to a limiting value and not zero. This isduse, is

calculated using the simulated trajectory and édsinalyticaltrajectory, whereas the control
torque is a function of simulated trajectory andicdeinumericaltrajectory. This means that the
simulated trajectory traces the desireomericaltrajectory and noanalytical The difference
betweenanalyticalandnumericaldesired trajectories is shown in Figure 26.

—~

L N
numerical
analytical

Figure 26: Numerical and Analytical Desired Coningjectories having Half Cone Anglés1°
about a Nominal Sail Normal §§=35°, ®,=0° (One Orbital Period)
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The total torque on a coning trajectory (half cangles =1") for a given noming$, = 35 and
¢, = 0" is calculated using equation 44 (calculat® This torque was applied in the simulation

to yield thenumericalconing trajectory. Differences exist because tiséaintaneous derivative

of desired angular momentum is not availabigq calculated numerically). The maximum

angular position error between taealyticalandnumericalconing trajectories was found to be

0.05°. Hence, th&,in Figure 25 decays to the numerical desired ttajgand reaches a limiting

value of 0.05° (same as the maximum angular poséroor between thanalyticaland
numericalconing trajectories).

The performance of the control method with thecexatial conditions has been
presented so far. Practically, internal/externatudbances on the sailcraft causes initial
condition errors with the sail attitude. Thus, gegformance with initial condition errors should

also be analyzed. Figure 27 illustrates how init@tdition errors are added to the system.

B=p+d
A
o] ®
'-;Ec =
F: .
R 4

Figure 27: Initial Condition Error

The red dot represents the exact initial conditimnghe system. The initial condition error is

obtained by adding an angular deviatibsuch that the initial angular position (and hemggall

www.manaraa.com



49

angular velocity) contains errors with respecti® desired coning trajectory. The control

method performance for 1° and 10° deviations foow

x 10"

[n], - actualisim n [rad]

‘ —— 08" h (g hy) kgm¥s)] ‘

[nc]L: desired n [rad]

sail equilibrium S \
deviated initial cond. :
exact initial cond.
final cond.

+ 0 %

sim/actual
sail equilibrium

0 0.5 1 1.5 2 4
Time, [orbit periods]

i [deg]

0 0.5 1 15 2
Time, [orbit periods]

Figure 28: Control Method Performance in TrackingsDed Angular Momentum and Salil
Normal with Initial Condition Error of 1° (d=1°),efo Sail Spin

The Lyapunov function decreases to the levels #s ma initial condition errors. This means that
the control method is able to track the desiredulaxgnomentum vector even with the initial
condition error. The sail normal motion is conirgpat the sail equilibrium point, however the
desired normal is not traced as well as with ntahcondition errors. The rate of coning has
also deviated slightly from orbit rate. The Lyapurionction levels drop to the expected levels
after one time step. This is clearly evident in$aé angular momentum vector motion shown in

Figure 29.
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Figure 29: Simulated and Desired Angular Momentomdoning Trajectory with Initial
Condition Error, d=1°, knror1
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As expected, as the control authority is decreeﬁtsggm, = 0.1), the simulation angular

momentum tracks the desired cone more gradualéyKsgure 30).

0 H H H H
0 0.002 0004 0.006 0008 0.01
0.0101 ,
L e s
———[h.].: sim [*h in kgm®/s
0.0089] [ [hgl,: sim [“he], in kg
T [h.],: desired [*h_], in kgm®/s
® 10
35
[}

25 H H H H
a0 0002 0004 0006 0008 0.0

Time, [orbit periods]
Figure 30: Simulated and Desired Angular Momentamdoning Trajectory with Initial
Condition Error, d=1°, kntro=0.1

With decreased control authority, the control te&rguplication is reduced which enables the sail
angular momentum to track the desired graduallieans of after one time step. This behavior is
preferable in a small sailcraft to avoid any abrehminges to the attitude that can damage the salil.

The result with a larger initial condition errdri° is presented in Figure 31.
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Figure 31: Control Method Performance in TrackirgsDed Angular Momentum and Salil
Normal with Initial Condition Error of 10° (d=10°Zero Sail Spin

The control method performance in tracing the @elsangular momentum has deteriorated
slightly, which is indicated by the Lyapunov furatimagnitude increase as compared with the
1° deviation case (~10 times increase). Howevergtis significant deterioration in tracing the
desired sail normal as compared with the 1° erasecThe sail normal appears to trace a larger
cone at a slightly different rate. This means thegn though the control method performance did
not deteriorate noticeably in tracing the desinegudar momentum, the performance degraded
significantly in tracing the desired sail normal.

The control method robustness is further exambyednalyzing the results for tracing

larger cones (larger half-cone angles). The re$oitS° and 60° cones are presented below.

[n], - actual/sim n [rad]
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Figure 32: Control Method Performance in TrackingsDed Angular Momentum and Salil
Normal with 5° cone, Zero Sail Spin
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The errors from tracking the desired angular moonardre on the same order of magnitude as
for the 1° cone (Lyapunov function level has thesarder of magnitude). In addition, there
are no significant deviations from orbit rate capof the sail normal vector. The sail normal
motion tracks the desired 5° circular cone withsigmificant differences as compared with the
1° cone case.
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Figure 33: Control Method Performance in TrackirgsDed Angular Momentum and Salil
Normal with 60° cone, Zero Sail Spin

However, the control performance has deterioraiggufgcantly for cones as large as 60°. The
sail normal does not cone around the equilibriunmipd he angular momentum tracking also

has increased errors as compared with smaller deri€stimes larger).

[11.2.2. Orbit Raising Case with Zero Sail Spin

In the orbit raising case, the thrust is applethie velocity direction. The equilibrium

point isff =145,¢ =180. The Lyapunov function behaviov,is presented in Figure 34.
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Figure 34: Lyapunov Function, Its Approximated Dative and A-frame Angular Momentum
Components for Coning Trajectory having Half Conggke,5=1° about a Nominal Sail Normal
of fo=145°,d,=180°
The Lyapunov functiony and thus the angular momentum error have smalhinatgs as

compared with the absolute sailcraft angular moomant-1G-10° times lower). This indicates

www.manaraa.com



54

that the control method is successful in reduchegangular momentum error. However, the

control method does not enable the sail normalatretthe desired coning trajectory.

[n], - actual/sim n [rad]

[n_], : desired n [rad]

#  sail equilibrium
O siminitial cond.
sim final cond.

Figure 35: Sail Angular Positions for Coning Tragg having Half Cone Angl&i=1° about a
Nominal Sail Normal of=35°, ®o=0° in the L-frame

The red dot/circle represents the desired trajgcidius, the sail normal does not cone or even
stay in the vicinity of the desired cone. Even tjothe angular momentum error is small and is
able to trace the desired trajectory, the sail mbenror does not. This can be explained by

studying the behavior of individual terms in theyalar momentum error.

A = 1,00~ 10,8+ 10, (1, ~A-7)-6- (1,0 A)-0)+ |1, (‘G,—'@, )|  (48)

n-rnc

An_term Aw_term

The following plot explains the behavior by examipthe individuahn _termandAw _term

that constitute the angular momentum enﬁéﬂ.
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The individual terms cancel each other, meaningttiteecombination of the terms tend to zero

even when the individual terms do not. As discussesiction 11l.1, the Lyapunov function is

positive definite with respect to the angular motnenh and not with respect to the sail normal,

A. ThusAh — Odoes not guarantedi = A—fA_ — aBd does not ensure that the sail normal

tracks the desired sail normal. In this simulattaBeAﬁ — 0 indeed does not cause the

simulation sail attitudéy — desired cone sail attitudé,. Although the control method

performance for the angular momentum is as expédtigcks the desired), the angular position

performance is not desirable.

[11.2.3. Orbit Lowering Case with Equilibrium Sail Spin

In the orbit lowering case with zero sail spire #ail normal was able to track the desired

trajectory at orbit rate as opposed to in the adiging case (could not track the desired coning

trajectory). Thus for comparison purposes, onlydt®t lowering case for the equilibrium sall
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spin is presented. The equilibrium sail spin rass walculated to be -2.97 x16ad/s

(°&. = w, -Afrom equation 33). The Lyapunov function is givarFigure 37.

1.5

——— 0.5%(hg-h *(hg-h ) [(kgm?/s)’]

Time, [orbit periods]
Figure 37: Lyapunov Function or Coning Trajectoayimg Half Cone Anglej=1° about a
Nominal Sail Normal ofj;=35°, ®,=0°

The Lyapunov function levels are on the same oofleragnitude (18%), however the levels are
lower in magnitude (~2 times) as compared withzém sail spin case (Figure 21). This
indicates that the control method performance isenedfective in reducing the angular

momentum with the equilibrium spin. The cost atethihis control performance is achieved is

given by the control torque.
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0 - [tcuntruI]El [Nm] 15 2

X 1[]_6 [tStEl‘,f cune]B [Nm]
[&7_]g [Nm]
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Figure 38: Torques of the System in the B-frame

Similar to the zero sail spin case (Figure 20),tfagnitude of ., is on the order of IONm

contro
(reasonable to apply on small sailcraft) anddihgorque is ~16times lower in magnitude than
T control ANAT oy, cones JUSTITYINg the assumption of eliminatioi, from equation 41 (see section

[11.2.1 for more details). However, as comparedhvite zero sail spin case, the control torque

required in thé and rm directions is lower in magnitude. Figure 39 shove®mparison between

the total control torque magnitude required ineheilibrium and zero sail spin cases.
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Figure 39: Control Torque Magnitude Required in Bugiilibrium and Zero Sail Spin Rate
Cases

The control torquer,,,,, required to enable the desired orbit rate circataring is less in
magnitude in the equilibrium sail spin case thartfi@ zero sail spin case (~4 times less). This
indicates that the equilibrium spin case can prevadtter control method performance (angular
momentum error magnitudes are lower as comparddtiutse of the zero sail spin case - Figure
21 and Figure 37) with a smaller cost (due to thalker control torque magnitudes).

The control method performance to enable sail mbtracing is shown in Figure 40.
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Figure 40: Sail Angular Positions for Coning Tragy having Half Cone Anglég=1° about a
Nominal Sail Normal ofp=35°, ®,=0° in the L-frame, Equilibrium Spin

The simulation sail normai,traces the desired circular cone. In addition,cihree and clock
angles repeatedly complete one cycle in one orpégbd. This indicates orbit rate coning. As
compared with the zero sail spin (Figure 22), theircg tracing appears more accurate. To gain

more confidence in this, the errors in the indibdcomponents of sail normal while tracing the

desired cone are shown in Figure 41.
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Figure 41: Individual L-frame Components of Simathaind Desired Sail Normal with Errors,
Equilibrium Spin

]

As the cone is traced, the oscillating nature efd@lror magnitudes is similar to the ones in the

zero sail spin. However, the magnitudes are 10giloeer in the equilibrium spin case (Figure

41) than the zero spin case (Figure 23). This m#datghe control method was able to provide

better sail normal tracking at a lower cost (lowentrol torque magnitude) with the equilibrium

spin as compared with the zero spin for this L-feagail equilibrium point § =35,¢=0").

The performance of the control method with initahdition errors is analyzed and

compared with the zero sail spin case below.
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Figure 42: Control Method Performance in TrackirgsDed Angular Momentum and Salil
Normal with Initial Condition Error of 1° (d=1°),drilibrium Spin

The Lyapunov function is on the same order of magia as for the zero sail spin case,
indicating that the control method performanceeducing the angular momentum error is
similar. However, the sail normal coning at orlaiteris better defined in the zero sail spin case.
The cone and clock angles complete one revolutiane orbital period more closely than in the

equilibrium spin case. The sail normal motion soainore circular in the zero sail spin case.

[n] - actual/sim n [rad] |.,_

[n ] - desired n [rad] I.
#  sail equilibrium ” «‘
= O  deviated initial cond. Tl )
#  exact initial cond. ;

final cond.
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sail equilibrium

Time, [orbit periods]

Figure 43: Control Method Performance in TrackingsDed Angular Momentum and Salil
Normal with Initial Condition Error of 10° (d=10°Equilibrium Spin

The Lyapunov function is on the same order of mtagia as in the zero sail spin case. However,
the sail normal motion is neither at orbit rate does the sail normal trace the desired cone. The
sail normal cones around the equilibrium point atuch slower rate (approx. once in 4 orbits) as

compared with the zero sail spin case (approx. eneey 1.25 orbits).
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IV.CONCLUSION AND FUTURE WORK

Past work has shown that orbit rate coning ofstienormal vector about an LVLH
attitude equilibrium point induces desired orbégkcts and is unlikely to excite the structural
sail dynamics. Sail attitude equilibria exist i thVLH frame under the influence of gravity
gradient, aerodynamic and solar torques. Whenath@armal is precessed from some of these
equilibria, the sail normal naturally cones abdwt tequilibrium point. However, the sail normal
coning has to follow a circular coning trajectotyogbit rate to induce the desired orbital effects.
In this thesis, a control method is developed ématbles sail normal coning (circular cones)
about the LVLH attitude equilibria at orbit ratend control method is designed such that the sail
angular momentum tracks a desired trajectory.

The performance of the angular momentum erroratalu control method was analyzed
in this thesis. The control method caused theasgjular momentum to track the desired angular
momentum on the coning trajectory over an orbit mthliced the initial angular momentum
error in all cases studied. The method is robwustitial condition errors in tracking the desired
angular momentum. Since angular momentum is aifumadf the sail angular position (sail
normal), a reduction in angular momentum error iw@sed to reduce the sail normal error
between the sail normal and desired sail normaherconing trajectory. This control method
only functioned well for tracking the desired araggyposition (sail normal) at certain LVLH

equilibrium points, for small cones and small alittondition errors. In the orbit lowering case
(8 =35,4=0), the control method allowed the sail normal axé& the desired sail normal on

the circular coning trajectory at orbit rate. Tlomimg was at orbit rate (accurate coning rate), but
there were errors in the shape of the coning (umate circular coning). Even though there were

errors in the circular cone tracing (10 to tines lower than the absolute sail attitude), they
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were bounded. In addition, past work assertedttifeashape of coning need not be as accurate as
long as orbit rate coning is achieved in orderttaia the desired orbital effects. Thus, slight
deviations from circular coning that cause theseranagnitudes in the coning tracing are within
the acceptable range. The performance of the dan&thod deteriorated (deviated from orbit

rate coning and had increased circular cone tragirgys) when the initial condition deviation

was increased to 10° and cones became as lar@g .dé@reover, in the orbit raising case

(S =145,4=180), the control method could not enable circularectmacking at orbit rate.

Therefore, the control method performed well irtkiag the desired sail normal at certain
equilibrium points, for smaller initial conditionrers and for smaller cones. In these cases, the
sail normal error remained small. The reason vileycontrol method performed well with sail
angular momentum and not the sail normal was becdugssail normal errors cancelled with sail
velocity errors in the angular momentum error téongield a small angular momentum error
even with large sail attitude and velocity errors.

For the cases where the desired sail normal mmgatould occur at orbit rate, studies
were performed on a spinning (spun at the equilibrspin) and non-spinning sailcraft (zero sail
spin) in order to determine the required controdjte for inducing the desired coning. The
required control torque is a combination of two ttohtorque components: rate control torque
and coning control torque. The rate control tordaénes that piece of the total control torque
which enforces orbit rate coning and allows thérsaimal to trace the trajectory at the desired
rate. The coning control torque is that piece wiéchsed to induce the desired coning and
allows the sail normal to trace the desired shdjleeoconing trajectory. It was argued that rate
control torque is lower in the zero sail spin c@iseéal angular momentum is lower for a non-

spinning sail and thus the momentum vector is e&siprecess), whereas the coning control
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torque is lower for the equilibrium sail spin cdsquilibrium sail spin causes natural coning that
reduces the required control authority). It wagiiesting to determine which sail spin rate could
result in the desired orbit rate circular coninghwa lower cost (lower control torque magnitude).
Even though, the required control torque was orotier of 1 Nm for both a spinning and
non-spinning sail (& Nm was found to be a reasonable torque magnitse 6ther work on
small sailcraft with similar dimensions and massperties), the required control torque was
lower in magnitude with the equilibrium spin. Faetequilibrium point used (orbit lowering

casef =35,¢=0"), the equilibrium spin case required ~4 times tas#rol torque for the sail

normal to stay on the desired circular coning tri@jey at orbit rate. In addition, the equilibrium
spin case provided a more effective control methedormance in tracking the desired angular
momentum and sail normal as compared with the gaitspin case. In this case (specific
equilibrium point) and with this result, the sadlncbe operated at the equilibrium spin rate.
However when initial condition errors were addedh® system, the zero sail spin case showed
more robustness (better performance) in trackiegdsired circular coning trajectory at orbit
rate than the equilibrium sail spin case.

An extension of this thesis can take many intargslirections. Past work analyzed orbit
rate coning for circular coning trajectories in @rdo induce the desired orbital effects. The
assumption for circular coning can be relaxed adadi¢ed orbital effects for non-circular cones
can be studied. A non-circular cone alters thersainal thrust vector direction relative to the
sun differently. This produces different orbitabciges whose usefulness can be analyzed. This
could relieve the control method from the needrtwvjgle perfectly circular cone tracing and
only concentrate on enabling orbit rate coningb&tier understand this control method, future

work can include an understanding of why the ddssadl angular momentum tracking does not
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enable sail normal tracking at the same level otigacy. It would be useful to see what drives
the individual sail normal and velocity dependentrts in the angular momentum error equation
to cancel each other, and to see this behaviobegwevented.

The results at the equilibrium pojfit= 35, ¢ = 0" for the equilibrium sail spin revealed

better performance in tracking the desired circataring trajectory as compared to the zero salil
spin case (10 times better) at a lower controldergost (with no initial condition errors). The
control torque calculation did not include the diddial control torque that is required to operate
the sail at the desired equilibrium sail spin (s@ite control torque). Further studies can include
the magnitude of this spin rate control torque akenmore accurate comparison with the control
torque required in the zero sail spin case. Inoteperate the sail at the equilibrium spin as
opposed to having zero sail spin, the implicatiohgroviding extra mechanisms needed to spin
the sail can also be explored. In addition, thatiet control method performance from using the
equilibrium and zero sail spins could be testeatla¢r equilibrium points to see if the
comparison between the two spin rates and conciudiawn for this specific case hold in
general.

The results here also indicate that the desirgdgamal is traced more accurately (orbit
lowering case) at some equilibria than at othersi{oaising case). In order to gain a better
understanding of this phenomenon, linearized saiachics about the sail equilibria could be
developed. Studying the near-equilibrium behaviaymeveal why the desired sail normal is
traced more accurately (orbit lowering case) atagerequilibrium points than at others (orbit
raising case).

In this thesis, a flat, rigid sail model was us&darge, gossamer sail will not be perfectly

flat or rigid in space. The dynamics can be moueately captured by analyzing a realistic salil

www.manaraa.com



66

shape. This work can be further extended to inchateflat, non-rigid sail dynamics. Finally,
the practical implementation of the control torgequired to enable the orbit rate coning of the
desired trajectory with the existing hardware carstudied (e.g. using reaction wheels, tip

vanes, or sailcraft bus deflection).
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VI.APPENDIX A

McMahon, J. et. al. have shown that for 1° cones greatest orbital effects occur at

p =35,¢ =0 for orbit lowering ang? =145, ¢ = 180 for orbit raising [13].

Orbit Lowering

Orbit Lowering

3 0.08
; cunve curve
JUR-] SEETETLEETTES "RRREE # 0 mMax (et 4 o
o H T H =
=l o
=l
Lo O A NSNS SR IS pES S, SN 4 =

0 50 100 150 200
Orbit Raising

h dot Q

E dot

B. [deg]

Orbit Lowering
3 T T T
' curve :

g 2feeeegeeeeet max |----- --------------
=]
=l
) RS O Y SO S R O
0 H 1 H
0 50 100 150 200

Orbit Raising

h dot R

curve

_2 __________________________________________
+ max
3 : : :
0 50 100 150 200
B. [deq]

Figure 44: Orbital Effects for Orbit Lowering (ckoangle = 0°) and Raising (clock angle =
180°) over Cone Angle
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